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EMBEDDINGS OF ALGEBRAS IN DERIVED CATEGORIES OF
SURFACES
PIETER BELMANS AND THEO RAEDSCHELDERS
Abstract. By a result of Orlov there always exists an embedding of the de-
rived category of a finite-dimensional algebra of finite global dimension into
the derived category of a high-dimensional smooth projective variety. In this
article we give some restrictions on those algebras whose derived categories
can be embedded into the bounded derived category of a smooth projective
surface. This is then applied to obtain explicit results for hereditary algebras.
1. Introduction
For an algebraically closed field k of characteristic 0, consider a triangulated cat-
egory of the form Db(mod /A), for some finite-dimensional k-algebra A of finite
global dimension. In two recent preprints, Orlov [21, 22] showed that there always
exists an admissible embedding
(1.1) Db(mod/A) →֒ Db(coh/X),
for some smooth projective variety X .
This construction typically embeds A into a high-dimensional variety, and we con-
sider the existence of an embedding in the derived category of a surface, as the
case of curves is completely understood by the indecomposability result of Okawa
showing there are no non-trivial embeddings [20]. In particular we give two types of
obstructions to the existence of an embedding (1.1) where X = S is a smooth pro-
jective surface. These take the form of conditions on the Euler form of the algebra A.
We summarise these as follows.
Theorem 1.1. (see corollaries 3.9, 3.10 below) If an embedding
(1.2) Db(mod/A) →֒ Db(coh/S),
exists, then rk(χ−A) ≤ 2 and χ
+
A does not admit a 3-dimensional negative definite
subspace.
It is not hard to see that the use of non-commutative motives and additive invariants
doesn’t yield any strong results. Hence to obtain these results one has to incorporate
extra data coming from the Euler form on the triangulated categories, together with
an understanding of the structure of the numerical Grothendieck groups of surfaces.
This type of result explains one aspect of the structure of semi-orthogonal compo-
nents of the derived category of a surface. On one hand it is known that there exist
(quasi-)phantoms for surfaces, which are components that are very hard to under-
stand [10]. This article on the other hand studies certain “easy” components coming
from derived categories of finite-dimensional algebras, in particular algebras arising
from strong exceptional collections. One interesting result from these obstructions
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is the non-existence of an exceptional collection of 4 objects whose endomorphism
algebra is isomorphic to kA4.
Section 2 contains some preliminaries on triangulated categories and the structure
of derived categories of finite-dimensional algebras and smooth projective varieties.
In section 3 we discuss the constraints that are imposed by an embedding (1.1)
by using noncommutative motives and incorporating the extra data. In section 4
we discuss examples of finite-dimensional algebras that violate the conditions, and
we give explicit embeddings for families of algebras that do satisfy the constraints.
We also list some open questions on the structure of strong exceptional collections
inside derived categories of surfaces raised by the obstructions and examples.
Acknowledgements. We would like to thank Louis de Thanhoffer de Vo¨lcsey and
Michel Van den Bergh for interesting discussions, David Ploog and Alexey Elagin
for their comments on the first version, and Nathan Prabhu–Naik and Markus
Perling for answering questions regarding toric geometry.
Both authors were supported by a Ph.D. fellowship of the Research Foundation—
Flanders (FWO).
2. Preliminaries
Let T denote a k-linear triangulated category, where k denotes an algebraically
closed field of characteristic 0. Based on [21] we recall a couple of definitions and
lemmas that we will require later on. Let N denote a full triangulated subcategory
of T .
Definition 2.1. A full embedding i : N →֒ T is left (respectively right) admissible
if there is a left (respectively right) adjoint functor q : T → N to i. It is admissible
if i is both left and right admissible.
Recall that N⊥ denotes the right orthogonal to N : it is the full subcategory of T
consisting of objects M such that HomT (N ,M) = 0. The left orthogonal is defined
similarly and is denoted ⊥N .
Definition 2.2. The triangulated category T has a semi-orthogonal decomposition
(2.1) T = 〈N1, . . . ,Nn〉
for full triangulated subcategories Ni, if T has an increasing filtration
(2.2) 0 = T0 ⊂ T1 ⊂ · · · ⊂ Tn−1 ⊂ Tn = T
by left admissible subcategories Ti such that in Ti, one has ⊥Ti−1 = Ni ∼= Ti/Ti−1.
In the examples of section 4 we will mostly consider semi-orthogonal decompositions
of a special type, for which the quotients are as simple as possible, namelyNi ∼= D
b(mod/k).
Definition 2.3. An object E in T is exceptional if
(2.3) HomT (E,E[m]) ∼=
{
k m = 0
0 m 6= 0.
A sequence of exceptional objects (E1, . . . , El) is an exceptional collection if
(2.4) HomT (Ej , Ei[m]) = 0 for j > i and any m
An exceptional collection (E1, . . . , El) is called strong if in addition
(2.5) HomT (Ei, Ej [m]) = 0 for all i, j and m 6= 0.
An exceptional collection (E1, . . . , En) is called full if it generates T .
EMBEDDINGS OF ALGEBRAS IN DERIVED CATEGORIES OF SURFACES 3
If T has a full exceptional collection, then it has a semi-orthogonal decomposition
with Ni = 〈Ei〉 ∼= D
b(mod/k) and Ti = 〈E1, . . . , Ei〉. We will denote this as
(2.6) T = 〈E1, . . . , En〉.
Recall that a triangulated category is called saturated if all cohomological func-
tors of finite type are representable. Any fully faithful embedding of a saturated
triangulated category into a Hom-finite triangulated category is admissible.
From now on let X denote a smooth projective variety over k. First recall the
following result [1, 4].
Theorem 2.4. IfDb(coh/X) admits a full and strong exceptional collection (E1, . . . , En),
then the functor
(2.7) RHomX(
n⊕
i=1
Ei,−) : D
b(coh/X)→ Db(mod/EndX(
n⊕
i=1
Ei))
defines an equivalence of triangulated categories.
For X of dimension 1, there is the following theorem of Okawa [20].
Theorem 2.5. The only smooth projective curve C such that Db(coh/C) admits
a semi-orthogonal decomposition is P1.
For dimension 2, the results valid for the largest classes of surfaces seem to be due
to Hille–Perling and Vial [14, 24].
Theorem 2.6. A smooth projective rational surface admits a full exceptional col-
lection of line bundles.
For higher dimensional varieties, the results are not so general, and we refer to [18]
for an overview. To construct the exceptional collections that use in section 4 we
will use the following theorem.
Proposition 2.7 (Orlov’s blow-up formula). Let p be a point on X and consider
the blow-up π : BlpX → X with exceptional divisor E. Then
(2.8) Db(coh/BlpX) ∼= 〈π
∗(Db(coh/X)),OE〉.
The motivation for this article is provided by the following result of Orlov [21].
Theorem 2.8. For a finite dimensional k-algebra A of finite global dimension there
is an admissible embedding
(2.9) Db(mod/A) →֒ Db(coh/X)
into the derived category of a smooth projective variety X .
In fact, X can be constructed in such a way that it admits a full exceptional collec-
tion, so in particular every A as above can be embedded into a triangulated category
with a full exceptional collection. Since not every finite-dimensional algebra of finite
global dimension admits a full exceptional collection [12], the existence of such an
embedding is non-trivial.
Remark 2.9. This particular corollary of Orlov’s result is already implicitly con-
tained in Iyama’s paper [15], which shows that there always exists a quasi-hereditary
algebra Λ and an idempotent e such that A = eΛe, so there is an embedding
Db(mod/A) →֒ Db(mod/Λ). Such an algebra Λ always admits a full exceptional col-
lection, provided by the standard modules ∆(λ) coming from the quasi-hereditary
structure.
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3. Embedding finite-dimensional algebras into derived categories of
surfaces
We now want to discuss properties of A that rule out the existence of an embedding
(3.1) Db(mod/A) →֒ Db(coh/S),
for some smooth, projective surface S. In section 3.1 we consider the (weak) results
that one obtains by using noncommutative motives, while we strengthen the results
significantly in section 3.2 by using extra data.
3.1. Additive invariants. Looking for restrictions it is natural to start by check-
ing “linear” or additive invariants. An invariant I(−) of a triangulated category is
additive if it is additive with respect to semi-orthogonal decompositions, i.e.
(3.2) T = 〈A,B〉 ⇒ I(T ) = I(A)⊕ I(B).
Examples of such invariants include algebraic K-theory, nonconnective algebraic K-
theory, Hochschild homology, cyclic homology, periodic cyclic homology, negative
cyclic homology, topological Hochschild homology and topological cyclic homology,
see [23] for some more background.
Lemma 3.1. Assuming the existence of an embedding (3.1), for all of the above
invariants I(−) one has that I(Db(mod /A)) is a direct summand of I(Db(coh/S)).
Proof. Since Db(mod /A) has a strong generator, it is saturated [6], so (3.1) is
admissible and the claim follows from additivity of I(−). 
However, none of these invariants give particularly interesting information with
regards to our question, due to the following (corollary of a) result of Keller [16,
§2.5] and Tabuada–Van den Bergh [23, corollary 3.20].
Theorem 3.2. The additive invariants of a finite-dimensional k-algebra of finite
global dimension only depend on the number of simple modules.
In other words, additive invariants cannot distinguish between algebras with the
same number of simple modules, so they are of limited use for our question. As-
suming that a specific variety has an additive invariant that is actually computable,
this can give a little information though.
Example 3.3. Using the Hochschild–Kostant–Rosenberg isomorphism for Hochschild
homology, it is easy to see that an embedding (3.1) gives rise to the inequality
(3.3) |Q0| = dimk HH0(A) ≤ dimk HH0(S) = 2 + h
1,1,
where |Q0| denotes the number of vertices in the quiver of A, and h1,1 is the relevant
Hodge number.
Remark 3.4. Of course, all of the above does not depend on S being a surface
and there are obvious generalisations to higher-dimensional varieties.
3.2. Quadratic invariants. We now give two restrictions on the embeddings of
derived categories of finite-dimensional algebras in the derived category of a smooth
projective surface S. Both results concern the Euler form on the Grothendieck group
of such a surface, and are valid for arbitrary surfaces.
Let X again denote a smooth projective variety of dimension n. Recall that the
bilinear Euler form is defined as
(3.4) χ : K0(X)×K0(X)→ Z : (A,B) 7→
∑
i
(−1)i dimk Ext
i
X(A,B)
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Moreover one has the natural topological filtration F• on Db(coh/X) [3, Expose´ X],
where FiDb(coh/X) consists of the complexes of coherent sheaves on X whose
cohomology sheaves have support of codimension at least i.
Denote by S the Serre functor on Db(coh/X). Recall that this functor is defined as
(3.5) S(E•) = E• ⊗ ωX [n],
where ωX denotes the canonical line bundle on X . The Serre functor induces an
automorphism on K0(X), which we’ll denote by the same symbol, and moreover
one has
(3.6) χ(X,Y ) = χ(Y, SX).
By definition, FiK0(X) is the image of the morphism induced by the inclusion F
iDb(coh/X) →֒ Db(coh/X).
Using this filtration one proves the following result of Suslin [5, lemma 3.1].
Lemma 3.5. The operator (−1)n S is unipotent on K0(X).
To study χ using linear algebra, we pass to the numerical Grothendieck group,
which is better behaved than the usual Grothendieck group in some respects [19].
Definition 3.6. The numerical Grothendieck group Knum0 (X) is the quotient of K0(X)
by left radical of the Euler form (which by Serre duality agrees with the right radi-
cal), i.e. one mods out the subgroup of K0(X) defined by
(3.7) χ(−,K0(X)) = χ(K0(X),−) = 0.
For smooth projective varieties this group is always free of finite rank by the
Grothendieck–Riemann–Roch theorem, so from now on we will restrict χ to Knum0 (X).
A closer inspection of the anti-symmetrisation of the Euler form
(3.8) χ−(A,B) := χ(A,B)− χ(B,A) = χ(A, (1 − S)B),
leads to the first observation. The following result was also proved by Louis de
Thanhoffer de Vo¨lcsey with a different method [8].
Theorem 3.7. For a smooth projective surface S one has rkχ− ≤ 2.
Proof. By de´vissage, we can generate K0(S) by [OS ] and classes [ks] of skyscrapers
for s ∈ S, and structure sheaves of curves [OC ] for all curves C on S, see [3,
proposition 0.2.6].
By Grothendieck–Riemann–Roch the Chern character gives an isomorphism
(3.9) Knum0 (S)⊗Q ∼= CH
•,num(S)⊗Q
between the numerical Grothendieck group and algebraic cycles modulo numerical
equivalence [17, appendix]. Hence it suffices to consider a single class [ks] as all
points are numerically equivalent [9, §19.3.5], and CH1,num(S) is a finitely generated
free abelian group of rank ρ [9, example 19.3.1]. Observe that under the isomorphism
obtained via the Chern character map, [ks] is pure of degree 2, [OS ] is pure of
degree 0 and [OC ] sits in degrees 1 and 2, and the rank of Knum0 (S) is ρ+ 2.
We wish to compute the rank of the matrix χ− using this choice of basis. For
this we need to know the values of χ−(α, β) for α ∈ CHi(S) and β ∈ CHj(S),
with i, j ∈ {0, 1, 2}. We immediately get that
(3.10) χ−([ks], [ks]) = 0
and using the presentation
(3.11) 0→ OS(−C)→ OS → OC → 0
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we get that
(3.12)
χ−([OC ], [ks])
= χ([OS ], [ks])− χ([ks], [OS ])− χ([OS(−C)], [ks]) + χ([ks], [OS(−C)])
= χ([OS ], [ks])− χ([ks], [OS ])− χ([OS ], [ks]) + χ([ks], [OS ]).
= 0
For i = j = 1 we have that C · D = −χ(OC ,OD), hence χ is symmetric on this
part by the commutativity of the intersection product, therefore it vanishes in the
antisymmetric Euler form.
The (skew-symmetric) matrix one obtains is of the form
(3.13)

 0 0 ♣0 0 · idρ ♠
♣ ♠ 0


where we order our generators as [ks], [OC ], [OS ], so there is a block decomposition
of a (ρ+2)× (ρ+2)-square matrix with some unknown values, but it is of rank ≤ 2
regardless of the unknowns. 
One can also consider the symmetrised Euler form
(3.14) χ+(A,B) = χ(A,B) + χ(B,A).
This defines a quadratic form on Knum0 (X), and we can consider its signature, i.e. the
tuple (n0, n+, n−) describing the degenerate, positive definite and negative definite
part of the form. The forms that we consider are non-degenerate over Q by our
restriction to Knum0 (X), hence it suffices to specify (n+, n−).
Theorem 3.8. Let S be a smooth projective surface. Then the signature of χ+
is (ρ, 2).
Proof. Similar to the proof of theorem 3.7, we consider the (ordered) basis [ks], [OS ],
[OC ]C . The Hodge index theorem [9, example 19.3.1] says that the signature for the
intersection product on the curves is (1, ρ−1). Via the equality C ·D = −χ(OC ,OD),
the subspace spanned by the [OC ] has signature (ρ− 1, 1) for χ+.
Because χ+([ks], [ks]) = 0, χ
+([OS ], [ks]) = 2 using Serre duality and χ+([OS ], [OS ])
is twice the Euler characteristic of S, the subspace spanned by [ks] and [OS ] is a
hyperbolic plane, so it has signature (1, 1).
For the other terms we get that χ+([OC ], [ks]) = 0 just as in (3.12), whilst χ
+([OC ], [OS ])
can be arbitrary. Therefore, after a base change, the matrix of χ+ has the form
(3.15)

 0 2 02 2χ(S) ∗t
0 ∗ D


where D = diag(−1, 1, . . . , 1) is a diagonal matrix of size ρ. In particular, the
decomposition is not orthogonal.
If ρ = 1 then the sign of the determinant of the matrix is positive, but there is at
least one negative eigenvalue coming from D. So the signature must be (1, 2).
If ρ ≥ 2, denote by W the subspace spanned by the last ρ− 2 basis vectors for the
choice of basis as in (3.15). The subspace spanned by (1, 0, . . . , 0) and (0, 0, 1, 1, 0, . . . , 0)
is a totally isotropic subspace in W⊥. Since χ+ is non-degenerate W⊥ contains an
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orthogonal sum of two hyperbolic planes. Now dimKnum0 (S)⊗Q = dimW+dimW
⊥,
so W⊥ ∼ 2H. We conclude that the signature of χ+ can be computed as
(3.16) (ρ− 2, 0) + 2(1, 1) = (ρ, 2).

We now apply these observations to give restrictions on embeddings of (bounded
derived categories of) finite-dimensional algebras into (bounded derived categories
of) smooth projective surfaces. Let A denote a basic finite-dimensional k-algebra of
finite global dimension with n simple modules. In that case, there is a well-defined
Euler form given by
(3.17) χ : K0(A)×K0(A)→ Z : (X,Y ) 7→
∑
i
(−1)i dimk Ext
i
A(X,Y ).
Since the indecomposable projective modules and the simple modules form dual
bases, this bilinear form is non-degenerate. Also submatrices cannot increase in
rank and signatures behave well under restriction, so the following corollaries are
clear.
Corollary 3.9. Given a smooth projective surface S and an embedding
(3.18) Db(mod/A) →֒ Db(coh/X),
the rank of χ−A is ≤ 2.
Corollary 3.10. Given a smooth projective surface S and an embedding
(3.19) Db(mod/A) →֒ Db(coh/X),
then χ+A does not admit a 3-dimensional negative definite subspace.
4. Embedding hereditary algebras
In this section we show how the established criteria can be applied to restrict
embeddings as in theorem 2.8 for hereditary algebras, as these have a particularly
nice description for their derived categories. Observe that by using tilting theory
it is possible to find finite-dimensional algebras of global dimension ≥ 2 which are
derived equivalent to path algebras. Hence all results in this section are also valid
for iterated tilted algebras.
The extreme case of the embedding being an equivalence has a particularly easy
answer. It is elementary that A being semisimple implies X is a union of points. In
global dimension 1 there is the following easy folklore result.
Proposition 4.1. If A = kQ is hereditary (and not semisimple), and
(4.1) Db(coh/X) ∼= Db(mod/A)
is an equivalence, then X ∼= P1 and A ∼= kK2, the path algebra of the Kronecker
quiver.
Proof. The description of P1 is standard [2]. To see that this is the only variety
with this property consider the skyscraper sheaves kx, which are indecomposable
objects (or more precisely, they are point objects).
A triangle equivalence sends these to indecomposable objects of Db(mod/kQ),
which correspond to the indecomposable modules up to a shift since every object
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therein is formal. Now by Serre duality
(4.2)
ExtdX(kx, kx)
∼= HomX(kx[d], kx ⊗ ωX [dimX ])
∨
∼= HomX(kx, kx[dimX − d])
∨,
and since a hereditary algebra is of global dimension 1, X has to be a curve.
By by Serre duality we have that for every object E ∈ Db(coh/X)
(4.3) HomX(E,E[1]) ∼= HomX(E,E ⊗ ωX)
∨ 6= 0.
In particular, Db(coh/X) only contains exceptional objects if X ∼= P1, otherwise a
nonzero section of ωX gives a nonzero morphism.
Any hereditary algebra derived equivalent to X is thus derived equivalent to kK2.
It is known, see [11, §4.8], that any derived equivalence between basic hereditary
algebras is given by a sequence of sink or source reflections, so there is no possibility
other than K2. 
Having settled the case of an equivalence assume there is an embedding
(4.4) Db(mod/kQ) →֒ Db(coh/S),
for an acyclic quiverQ and a smooth projective surface S, i.e. we are in the situation
of a strong (but not full) exceptional collection without relations in the composition
law. The following questions regarding the structure of possible quivers Q come to
mind:
(Q1) Is there a bound on the number of vertices of Q?
(Q2) Is there a bound on the number of arrows of Q?
(Q3) Is there a bound on the number of paths in Q?
(Q4) Is there a bound on the length of paths in Q?
(Q5) Is it possible to embed any quiver on 3 vertices?
The remainder of this section is dedicated to answering these questions. In the
following proposition we provide some explicit embeddings for well known families
of quivers.
Proposition 4.2. Let A = kQ be the path algebra of an acyclic quiver Q.
(1) If A is of finite type or tame, i.e. Q is a Dynkin or Euclidean quiver, then
an embedding (4.4) exists if and only if
Q = A1,A2,A3,D4, A˜1 or A˜2.
(2) If Q occurs in the following families of quivers:
(4.5) Kn :
1
n
..
. , Sn : ...
0
1
n
then an embedding (4.4) exists.
Proof. For part (1), it suffices to compute the matrices for the anti-symmetric Euler
forms which can be obtained from the Cartan matrices, and observe that starting
from A4, D5 and A˜3 the rank is bounded below by 4 as there will be a submatrix
of rank 4 in each of these coming from the smallest cases A4, D5 and A˜3. The
exceptional types E6,7,8 or E˜6,7,8 have corresponding ranks 6, 6, 8, 6, 6 and 8.
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For the 5 cases that are not ruled out by this restriction on the anti-symmetric
Euler form, and the infinite families in part (2), there are explicit embeddings.
Let n = 2m, then one can embed K2m by considering OP1×P1 and OP1×P1(1,m− 1)
on P1 × P1.
Let n = 2m−1, then one can embed K2m−1 by consideringOBl1P2 andOBl1P2(E+mF ),
on the blow-up of P2 in a point p. Here, as usual, E denotes the divisor associated
to the −1-curve and F the one associated to the strict transform of any line in P2
through p.
For the family Sn, by Orlov’s blow-up formula in proposition 2.7 we obtain a semi-
orthogonal decomposition
(4.6) Db(coh/Bl1P
2) = 〈π∗(Db(coh/P2)),OE〉
where π : Bl1P
2 → P2 is the blow-up morphism, and OE is the structure sheaf of
the exceptional divisor. The blow-up locus is denoted p. Consider the exceptional
line bundle OP2 on P
2, then one checks by adjunction
(4.7) Hom
D
b(coh/Bl1P2)(π
∗(OP2),OE) ∼= HomDb(coh/P2)(OP2 , kp)
that the exceptional pair (π∗(OP2),OE has endomorphism ring kS1. Using the blow-
up formula inductively, this gives a realisation of kSn using BlnP
2.
By the identifications A2 = S1, A3 = S2 (using reflection), A4 = S3 (using reflec-
tion) and K2 = A˜1 the only remaining quiver is A˜2, and for this one we use some
elementary toric geometry [7]. The variety Bl2P
2 can be represented by the fan
(4.8) 1
2
3
4
5
As basis for Pic(Bl2P
2), we choose the first three torus-invariant divisors D1, D2
and D3. It can be computed that
(4.9) (OBl2P2 ,OBl2P2(D1 −D3),OBl2P2(D1))
has the desired structure. 
Remark 4.3. Of course, there are many alternatives to the above embeddings. The
Kronecker quivers Kn for example can also be embedded using O(E) and O(E+nF )
on Fn = Proj(OP1 ⊕OP1(−n)), the nth Hirzebruch surface.
Using this proposition, (Q1) and (Q2) have a negative answer. For (Q3) the answer
is also no, since one can always reflect the Sn-quiver in some non-zero vertex.
The questions (Q4) and (Q5) are more subtle. Let us say a quiver Q′ is forbidden
if the rank of χ− is strictly greater than 2.
Lemma 4.4. If a quiver Q contains a forbidden quiver Q′ as a full subquiver, then
it cannot be embedded into a smooth projective surface.
Proof. The fullness ensures that the χ− matrix of Q′ occurs as a block in that of Q
(for the basis of simples for example), so rk(χ−Q) > 2 and the quiver cannot be
embedded. 
Then question (Q4) about path length can be partially answered by plugging A4
into this lemma, as we know from proposition 3.9 that A4 cannot be embedded into
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the derived category of a surface. Observe that A4 does satisfy the condition on the
negative definite subspaces for χ+, as in proposition 3.10.
However, if A4 occurs as a non-full subquiver of Q, it is not clear what happens.
The following example shows that in some cases one can have an embedding.
Example 4.5. Consider the following quiver:
(4.10) Q :
It has rk(χ−) = 2 and contains A4 but only as a non-full subquiver, so it does
not satisfy the condition for the previous proposition. In fact, it can be embedded
into Bl2P
2 by extending the strong exceptional collection we already had for A˜2. In
terms of the fan mentioned in (4.8), the collection
(4.11) (OBl2P2 ,OBl2P2(D1 −D3),OBl2P2(D1),OBl2P2(D2))
can be checked to be a strong exceptional collection with the desired endomorphism
ring, after reflecting in the vertex corresponding to OBl2P2 .
It is also possible to find an example of a quiver that satisfies proposition 3.9 but
violates proposition 3.10.
Example 4.6. Consider an acyclic quiver on 5 vertices v1, . . . , vn, whose χ is given
by the matrix
(4.12)


1 2 4 3 0
0 1 4 5 2
0 0 1 4 4
0 0 0 1 3
0 0 0 0 1

 .
It is straightforward to check that rkχ− = 2, but χ+ has a negative-definite sub-
space of dimension 3.
The reason for posing question (Q5) is that any skew-symmetric 3 × 3-matrix has
rank ≤ 2, and moreover it cannot have a 3-dimensional negative definite subspace,
since one can always look at the projective indecomposables which yield a nonzero
positive definite subspace. Also, since every quiver on 2 vertices can be embedded,
(Q5) naturally arises as the next case.
Such a quiver can be presented as
(4.13) Qa,b,c :
.
.
.
a
.
.
.
b
.
.
.
c
To make computations feasible we will only consider line bundles on rational sur-
faces, i.e. iterated blow-ups of the minimal rational surfaces P2 and Fn for n 6= 1.
In this context we can apply techniques based on Riemann–Roch arithmetic which
are for instance also used in [13].
Theorem 4.7. The values (a, b, c) as in (4.13) for which there exists a rational
surface S and an embedding
(4.14) Db(mod/kQa,b,c) →֒ D
b(coh/S)
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(a, b, c) D E
(0, n, n) n = 2m D2 −D4 (m− 1)D1 +mD2 +D3
n = 2m+ 1 D1 −D4 D1 +D2 +mD3 + (m − 1)D4
(n, 0, n) n = 2m D2 +mD3 + (m − 1)D4 D1 +D2 + (m − 1)D3 + (m− 1)D4
n = 2m+ 1 D2 +mD3 +mD4 D1 +D2 +mD3 + (m − 1)D4
(1, n, 1) n = 2m D1 +D2 −D4 mD1 +mD2 +D3
n = 2m+ 1 D4 mD1 +mD2 +D3 +D4
(n, 1, 1) n = 2m (m − 1)D1 +mD2 +D3 (m− 1)D1 +mD2 +D3 +D4
n = 2m+ 1 D2 +mD3 +mD4 D1 +D2 +mD3 +mD4
Table 1. Divisors for embeddings of 3-vertex quivers in Db(coh/Bl3P
2)
given by a strong exceptional collection of line bundles are
(4.15)
{(0, n, n) | n ∈ N} ∪ {(n, 0, n) | n ∈ N} ,
{(1, n, 1) | n ∈ N} ∪ {(n, 1, 1) | n ∈ N} ,
{(2, 2, 0)} .
Proof. By twisting we have that the exceptional collection is of the form
(4.16) 〈OS ,OS(D),OS(E)〉,
for divisors D and E.
We first claim that if an embedding (4.14) exists, then
(4.17) a+ b = ab+ c.
To see this, first note that on a rational surface χ(OS) = 1. From exceptionality
we get 0 = χ(OS(D),O) = χ(−D), and similarly χ(−E) = χ(D − E) = 0. By
Riemann–Roch we obtain
(4.18) χ(D) = χ(OS) +
1
2
(D2 −KS ·D),
for any divisorD. By anti-symmetrising this equation for our divisorsD,E andE−D
respectively and plugging in the zeroes we found above, we get
(4.19) χ(D) + χ(E −D) = χ(E).
By strong exceptionality, hi(OS(D)) = hi(OS(E)) = hi(OS(E − D)) = 0 for
all i > 0, so χ(D) = h0(OS(D)) and similarly for E and E − D, so we finally
find
(4.20) h0(OS(D)) + h
0(OS(E −D)) = h
0(OS(E))⇒ a+ b = ab+ c.
Solving this equation yields the solutions listed in the statement. We now give a
construction for each of these cases. All of these can be realised on the del Pezzo
surface Bl3P
2 of degree 6, which will be represented by the fan
(4.21) 1
23
4
5 6
and as a basis for Pic(X) we choose the torus-invariant divisors D1, . . . , D4.
For the families of solutions we give a possible choice of divisors in table 1, and
code to check these results in the appendix.
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For the isolated case (2, 2, 0) it suffices to take D = L1 and E = L1+L2 on P
1×P1,
where the Li form the basis of Pic(P
1 × P1) given by the two rulings. 
Remark 4.8. On a rational surface any exceptional sequence can be mutated into
one consisting of rank one objects, and the previous result also holds in this greater
generality, since we only used numerical computations to obtain (4.17). We leave
open the question whether considering more general exceptional vector bundles (or
coherent sheaves) on more general surfaces yields more examples.
Appendix A. Code for table 1
The following Sage-code checks the results from table 1.
X = toric_varieties.dP6()
G = X.rational_class_group()
def checkQuiver((a, b, c), D, E):
print "(a,b,c) = (%d,%d,%d) using D = %s and E = %s" % (a, b, c, D, E)
D, E = G(D).lift(), G(E).lift()
# checking exceptional pairs
assert (-D).cohomology(dim=True).is_zero()
assert (-E).cohomology(dim=True).is_zero()
assert (D-E).cohomology(dim=True).is_zero()
# structure of the quiver
assert tuple(D.cohomology(dim=True)) == (a, 0, 0)
assert tuple((E-D).cohomology(dim=True)) == (b, 0, 0)
assert tuple(E.cohomology(dim=True)) == (a*b + c, 0, 0)
for m in range(0, 10):
checkQuiver((0, 2*m, 2*m), [0, 1, 0, -1], [m-1, m, 1, 0])
checkQuiver((0, 2*m+1, 2*m+1), [1, 0, 0, -1], [1, 1, m, m-1])
checkQuiver((2*m, 0, 2*m), [0, 1, m, m-1], [1, 1, m-1, m-1])
checkQuiver((2*m+1, 0, 2*m+1), [0, 1, m, m], [1, 1, m, m-1])
checkQuiver((1, 2*m, 1), [1, 1, 0, -1], [m, m, 1, 0])
checkQuiver((1, 2*m+1, 1), [0, 0, 0, 1], [m, m, 1, 1])
checkQuiver((2*m, 1, 1), [m-1, m, 1, 0], [m-1, m, 1, 1])
checkQuiver((2*m+1, 1, 1), [0, 1, m, m], [1, 1, m, m])
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